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j.2012.10Abstract The analysis of rectangular two-way slabs subjected to concentrated load uniformly dis-
tributed over deﬁned area after dispersion down in the two directions to the reinforcement is a prac-
tically important case. As presented by Egyptian code for design and construction of concrete
structures ECCS 203-2007, the analysis of this problem can be performed by using the elastic anal-
ysis or by using an approximate method which depends on the distribution of the concentrated load
in the two directions by the ratio of the long length and short length of the rectangular slab.
Signiﬁcant differences between the results of these methods must take our attention. An alternative
approximate method for determining the bending moments of the slab under study in the two direc-
tions is investigated in this paper based on the elastic analysis. Two closed-form expressions were
obtained which describe the relation between the bending moments and all factors that affect it
(the span ratio, the dimensions ratio of the loaded area and the ratio between the short span to
the parallel length of the loaded area). Comparisons between the straining actions in the two direc-
tions resulting from the present analysis and these from the existing approximate method of the
ECCS 203-2007 with those obtained by international codes as British Standards BS8110 and those
obtained by ﬁnite element method are given also in this paper.
ª 2012 Housing and Building National Research Center. Production and hosting by Elsevier B.V.
All rights reserved.Introduction
When a slab is supported other than on two opposite sides only,
the precise amount and distribution of the load taken by each
support, and consequently the magnitude of the bendingm
using and Building National
ng by Elsevier
g National Research Center. Produ
.007moments on the slab, are not easily calculated if assumptions
resembling practical conditions are made. Therefore approxi-
mate analyses are generally used. The method applicable in
any particular case depends on the shape of the panel of slab,
the condition of restraint at supports, and the type of load.
Two basic methods [1–3] are commonly used to analyse
slabs spanning in two directions. These are the theory of plates
which is based on elastic analysis under service loads, and
yield-line theory in which the behaviour of the slab as collapse
approaches is considered. A less well-known alternative to the
latter is Hillerborg’s strips method [2,4].
For rectangular panel carrying uniform load simply sup-
ported along all four edges and which no provision is madection and hosting by Elsevier B.V. All rights reserved.
Nomenclature
Upper case Latin letters
Mx, My bending moments per unit length of sections of a
plate perpendicular to x and y axes, respectively
E Young’s modulus
P concentrated load
Ln natural logarithm
Lower case Latin letters
(x,y) rectangular coordinantes
t slab thickness
d slab depth
c ﬂooring thickness
Lower case Greek letters
t Poisson’s ratio
Fig. 1 Simply supported rectangular slab subjected to a
concentrated load uniformly distributed over a deﬁned area.
Analysis of slabs spanning in two directions under concentrated load 213at the corners to prevent them lifting or to resist torsion, the
Grashof and Rankine method [4] is applicable. When the cor-
ners of the slab are prevented from lifting and torsional re-
straint is provided, the simple Grashof and Rankine method
is inappropriate. A more exact elastic analysis, assuming a va-
lue of Poisson’s ratio, is performed and the resulting service
bending moments at mid-span is given in tables for simplicity
as used in most international codes [5,6].
When a slab carries a load concentrated on a part only of
the slab, such as a wheel load on the deck of a bridge, the con-
tact area of the load is ﬁrst extended by dispersion through the
thickness of the slab and the ﬂooring (if any). If the slab sup-
ported on two opposite sides only, the width of slab carrying
the load may be assumed and the total concentrated load is
then divided by this width to give the load carried on a unit
width of slab for purpose of calculating the bending moments.
For slabs spanning in two directions carrying a load uniformly
distributed over a deﬁned area on a part only of the slab, the
British Standards BS8110 [6] gives the bending moments on
simply supported panel along all four sides with restrained cor-
ners by curves based on Pigweed’s theory but the Egyptian
code ECCS 203-2007 [7] presents an approximate method
which depends on the distribution of the load in the two
directions.
In this paper, our attention is, ﬁrstly, focused to the signif-
icant differences between the results of these methods and the
comparison between these results and the ﬁnite element meth-
od. The results obtained from international codes such as
British Standards BS8110 agreed with the results obtained by
ﬁnite element method with good accuracy while the difference
between the results of the ECCS 203-2007 and the ﬁnite ele-
ment method is not acceptable.
Also in this paper, closed-form expressions are obtained
using a theoretical analysis based on the theory of plates to
determine the bending moments in the two directions directly
as a function of the variables. A comparison of the results with
ﬁnite element method [8] is given in this thesis.
Model and assumptions
Consider a rectangular plate simply supported along all four
edges as shown in Fig. 1, carrying a concentrated load (P) uni-
formly distributed over a deﬁned area with the following
assumptions:
– There is no deformation in the middle plane of the plate.
This plane remains neutral during bending.– The corners of the slab are prevented from lifting and
torsional restraint is provided.Review of egyptian code (eccs 203-2007) and british standards
(bs 8110)
Egyptian Code (ECCS 203-2007)
As introduced in clause (6-2-1-5) of the Egyptian code for de-
sign and construction of concrete structures ECCS 203-2007,
the concentrated load is considered to disperse down to a rect-
angular area with sides u and v which is determined from:
v ¼ t1 þ 2cþ t and u ¼ t2 þ 2cþ t ð1Þ
t slab thickness
c ﬂooring thicknesswhere t1 and t2 are the contact area of the concentrated load in
directions perpendicular to and parallel to the main reinforce-
ment, c is the ﬂooring thickness and t is the slab thickness.
The concentrated load is distributed by an inverse ratio of
the slab lengths according to these relations:
Pa ¼ P b
aþ b and Pb ¼ P
a
aþ b ð2Þ
To calculate the bending moment in direction (a), Pa is con-
sidered distributed on a length A of the effective span a and in
a breadth B in the direction perpendicular to direction (a). in
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ered distributed on a length B of the effective span b and
in a breadth A in the direction perpendicular to direction
(b), where,
A ¼ uþ 0:4a and B ¼ vþ 0:4a½2 a=b ð3ÞBritish Standards (BS 8110)
The concentrated load is considered to disperse down to a
rectangular area with sides u and v which are determined from:
v ¼ t1 þ 2cþ 2d and u ¼ t2 þ 2cþ 2d ð4Þ
where d is the slab depth.
The positive bending moments on unit width of slab are
given by these expressions:
Mx ¼ Pðax4 þ tay4Þ and My ¼ Pðay4 þ tax4Þ ð5Þ
where values of ax4 and ay4 obtained by curves for the appro-
priate value of the spans ratio (r= b/a) corresponding to the
ratios u/a and v/b.
Method of analysis and theoretical equations
The bending moments of the slab spanning in two directions
carrying concentrated load uniformly distributed over a rect-
angular area is obtained in [1] using Navier’s method by the
following expressions:
Mx ¼ P
8p
2 ln
4a sin pn
a
pg
þ k u
 !
ð1þ tÞ þ ðlþ wÞð1 tÞ
" #
ð6Þ
My ¼ P
8p
2 ln
4a sin pn
a
pg
þ k u
 !
ð1þ tÞ  ðlþ wÞð1 tÞ
" #
ð7Þ
In which,
k ¼ 3 4
X1
m¼1
eam
cosh am
sin2
mpn
a
l ¼ 1 2pb
a
X1
m¼1
1
cosh2am
sin2
mpn
a
am ¼ mpb
a
;
u ¼ k tan1 1
k
þ 1
k
tan1 k w ¼ k tan1 1
k
 1
k
tan1 k
k ¼ v
u
and g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2 þ v2
p
In order to derive simple expressions to determine bending
moments, we let (n= a/2) where the maximum bending mo-
ments and by some arrangements, the bending moment in
the short direction Mx can be put in the following form:
Mx ¼ P
8p
2 ln
4k1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ k2
p
 !
ð1þ tÞ þ ðkþ lÞ þ tðk lÞ
"
þðw uÞ  tðwþ uÞ

ð8Þ
where k1 ¼ a=u.Putting,
cosh am  1
2
eam where am P p=2 ð9Þ
And using the known series:
X1
m¼1
emx ¼ 1
ex  1 ð10Þ
The terms k and l can be expressed
as:
k ¼ 3 8
X1
m¼1
empb=a ¼ 3 8 1
epr  1 ð11Þ
l ¼ 1 8pr
X1
m¼1
empb=a ¼ 1 8pr 1
epr  1 ð12Þ
The terms k and l are wholly independent of dimensions of
u and v of loaded area where these are function in spans ratio r
only. In the contrary, the values of factors u and w are depend-
ing only on the ratio v/u. Substituting Eqs. (11) and (12) into
Eq. (6), the terms (k+ l), (k  l), (w+ u), and (w  u) can
be put in simple expressions as:
ðkþ lÞ ¼ 4 8
epr  1 ð1þ prÞ; ðk lÞ ¼ 2
8
epr  1 ð1 prÞ;
ðwþ uÞ ¼ 2k tan1 1
k
and ðw uÞ ¼ 2
k
tan1 k ð13Þ
Substituting Eq. (13) into Eq. (8), and assuming Poisson’s
ratio t= 0.20 which is recommended by ECCS 203-2007
and other international codes as BS 8110, the bending moment
Mx can be expressed as:
Mx ¼ P
8p
2:4 ln
4
pk1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ k2
p
 !
þ 4:4 9:6þ 6:4pr
epr  1
"
 2
k
tan1 k 0:4k tan1 1
k
#
ð14Þ
Putting; tan1
1
k
¼ ðp=2 tan1 kÞ: ð15Þ
Eq. (14) can be expressed in simple expression as follows:
Mx ¼ P
8p
2:4 ln
4k1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ k2
p
 !
þ 4:4 9:6þ 6:4pr
epr  1
"
þ 0:4k 2
k
 
tan1 k kp
5
#
ð16Þ
In a similar manner, we get the bending moment in the long
direction My as follows:
My ¼ P
8p
2:4 ln
4k1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ k2
p
 !
þ 2:8 9:6 6:4pr
epr  1
"
þ 2k 0:4
k
 
tan1 k kp

ð17ÞIllustrative examples
To describe the problem considered in this paper and to clarify
applying of the obtained equations in the present work, two
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imate method introduced in ECCS203-2007, British standards
BS 8110 and the present work. Also, the two examples are
solved by Finite element method [8] to check the accuracy of
each one of the previous methods,
Example 1: A square slab of 3.0 m side simply supported
on all four sides, subjected to a concentrated load 200 kN sym-
metrically placed at the centre of the panel. Contact area being
75 mm by 600 mm. The slab thickness is 200 mm
(d= 175 mm) and the ﬂooring is 50 mm thickness.
Using ECCS 203-2007: the sides of the loaded area after the
load disperses down to the reinforcement (u,v) are:
u= 75 + 2 · 50 + 200 = 375 mm, and v= 600 + 2 ·
50 + 200 = 900 mm
The loads distributed in each direction are:
Pa = 200 · 3/(3 + 3) = 100 kN, and Pb = 100 kN
Pa is distributed on a length A of the effective span a and in
a breadth B in the direction perpendicular to direction a where,
A= 0.375 + 0.4 · 3.00 = 1.575 m, and B= 0.9 + 0.4
· 3[2  3/3] = 2.10 m
Thus, the service bending moments per metre width are:
Mx = 26.34 kN m/m
My = 30.95 kN m/m
Using BS8110:
The sides of the loaded area (u, v) are
u= 75 + 2 · 50 + 2 · 175 = 525 mm, and v= 600 +
2 · 50 + 2 · 175 = 1050 mm
r= 3.0/3.0 = 1.0
From the appropriate curve (r= 1.0) and corresponding to
u/a= 0.525/3.0 = 0.175, and v/b= 1.05/3 = 0.35 the coefﬁ-
cient ax4 and ay4 are obtained as:
ax4 = 0.16 and ay4 = 0.13
Thus,
Mx = 200(0.16 + 0.2 · 0.13) = 37.20 kN m/m,
My = 200(0.16 · 0.2 + 0.13) = 32.40 kN m/m
Using present work:
The sides of the loaded area (u,v) are:
u= 75 + 2 · 50 + 2 · 175 = 525 mm, and v= 600 + 2
· 50 + 2 · 175 = 1050 mm
r= 3.0/3.0 = 1.0, k= v/u= 1.05/.525 = 2.0, and k1 = a/
u= 3.0/0.525 = 5.714
Substituting in Eqs. (16), (17):
Mx ¼ ð200Þ
8p
ð2:4 ln 4ð5:714Þ
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ð2Þ2
q
2
64
1
CAþ 4:4 9:6þ 6:4pð1Þ
epð1Þ  1
þ

0:4ð2Þ  2ð2Þ

tan1ð2Þ  ð2Þp
5

¼ 35:11kNm=mMy ¼ ð200Þ
8p

2:4 ln
4ð5:714Þ
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ð2Þ2
q þ 2:8 9:6 6:4pð1Þ
epð1Þ  1
þ

2ð2Þ  0:4ð2Þ

tan1ð2Þ  ð2Þp

¼ 32:07kNm=m
Using F.E.M.:
Mx = 36.64 kN m/m,
My = 32.22 kN m/m
Example 2: Consider a rectangular slab which is 3.75 m
long by 3.0 m wide simply supported on all four sides, sub-
jected to the same load and assuming the same assumptions gi-
ven in the previous example.
Using ECCS 203-2007:
u= 75 + 2 · 50 + 200 = 375 mm, and v= 600 + 2 · 50
+ 200 = 900 mm
Pa = 200 · 3.75/(3 + 3.75) = 111.11 kN, and Pb = 88.89
kN
A= 0.375 + 0.4 · 3.00 = 1.575 m, and B= 0.9 + 0.4
· 3[2  3/3.75] = 2.34 m
Thus,
Mx = 26.26 kN m/m
My = 25.82 kN m/m
Using BS8110:
u= 75 + 2 · 50 + 2 · 175 = 525 mm,
v= 600 + 2 · 50 + 2 · 175 = 1050 mm and r = 3.75/
3.0 = 1.25
From the appropriate curve (r= 1.25) and corresponding
to u/a= 0.525/3.0 = 0.175, and v/b= 1.05/3 = 0.35, the coef-
ﬁcient ax4 and ay4 are obtained as ax4 = 0.19 and ay4 = 0.12
Thus,
Mx = 200 (0.19 + 0.2 · 0.12) = 42.80 kN m/m,
My = 200 (0.19 · 0.2 + 0.12) = 31.60 kN m/m
Using present work:
r= 3.75/3.0 = 1.25, k= v/u= 1.05/.525 = 2.0, and
k1 = a/u= 3.0/0.525 = 5.714
Substituting in Eqs. (16), (17)
Mx = 40.23 kN m/m,
My = 30.78 kN m/m
Using F.E.M.:
Mx = 40.74 kN m/m,
My = 31.48 kN m/mComparison of the results
From the results of the previous two examples, Table 1 shows
the comparison of the bending moments obtained by Eqs. (16),
(17) of the present work (P.W.), the approximate method given
in clause (6-2-1-5) of the ECCS 203-2007 and the British
Table 1 Comparison of Mx and My obtained by P. W., ECCS 203-2007 and BS 8110 with F.E.M. [8].
Example F.E.M P.W. Diﬀ. (%) ECCS. 203 Diﬀ. (%) BS 8110 Diﬀ. (%)
Example 1 Mx 36.640 35.110 4.18 26.340 28.11 37.200 +1.53
b= 3.00 m
a= 3.00 m My 32.220 32.070 0.47 30.950 3.94 32.400 +0.56
P= 200 kN
Example 2 Mx 40.740 40.230 1.25 26.260 35.54 42.800 +5.06
b= 3.75 m
a= 3.00 m My 31.480 30.780 2.22 25.820 17.98 31.600 +0.38
P= 200 kN
216 M.I. Salamastandards BS8110 with the results obtained by elastic analysis
as programmed by ﬁnite element method [8].
It can be noticed that although the present equations are
simple, it gave more accurate results when compared with
the solution by ﬁnite element method. Then, the present equa-
tions can be rather used by the designer engineers.
Conclusions
In this paper, a theoretical analysis based on the elastic analy-
sis is developed to determine the service bending moments of
the slab spanning in two directions carrying a concentrated
load uniformly distributed over a deﬁned area on a part only
of the slab. From results and examples carried out in this pa-
per, the following conclusions are drawn:
(1) Signiﬁcant differences between the results of the approx-
imate method introduced in clause (6-2-1-5) of the Egyp-
tian code for design and construction of concrete
structures ECCS 203-2007 and the elastic solution e.g.
by ﬁnite element method. Also, signiﬁcant differences
between the results of ECCS 203-2007 and that obtained
by other international codes as the British Standards
BS8110. These differences are large enough to consider
the approximate method introduced in ECCS 203-2007
to be unsafe.
(2) The present analysis describes the relation between the
bending moments and all the factors that affect it which
are the span ratio, the dimensions ratio of the loaded
area and the ratio between the short span to the parallel
length of the loaded area (represented by factors r, k and
k1 respectively).
The great advantage of the present analysis is the determi-
nation of the bending moments by using hand calculationsonly (without the use of curves or tables). Two numerical
examples demonstrated the use of the obtained equations for
slabs under study and comparing the results with British Stan-
dards BS8110 [4,6] as well as the ﬁnite element method, as pro-
grammed in SAP2000 [8].
Finally, the present analysis provides relatively simple two
expressions from which the bending moments for slabs under
study can be easily calculated. These equations can be of great
help for design purposes. The comparison of the results with
the ﬁnite element method conﬁrms the accuracy of such
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